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We employ Wiegmann’s solution of the Anderson impurity model in order to compute the com-
pressibility of electron gas. We have found that there is a pair of neighbor levels separated by
anomalously large energy ∝ L−1/3, where L is the size of the system. The Fermi energy crosses this
pseudogap and the compressibility decreases near the so-called “symmetric” limit.
The Anderson Hamiltonian1 describes the localized
state interacting with electron gas
Hˆ =
∑
kσ
{
ǫkaˆ
†
kσ aˆkσ + Vk aˆ
†
kσaˆdσ + V
∗
k aˆ
†
dσaˆkσ
}
+ ǫd(nˆ↑ + nˆ↓) + Unˆ↑nˆ↓ nˆσ = aˆ
†
dσaˆdσ . (1)
Here aˆ†kσ creates the electron in the band with wave num-
ber k, spin σ, and energy ǫk. The operator aˆ
†
dσ cre-
ates the localized electron with energy ǫd. The inter-
action between localized electrons gives the correlation
term Unˆ↑nˆ↓, and Vkaˆ
†
kσ aˆdσ describes their decay to the
band.
Wiegmann have solved this problem in one dimension2.
At the zero magnetic field the ground state is described
by the set of rapidities {λα}Mα=0. They satisfy
πJα +
M∑
β=0
arctan(λα − λβ) = −x(λα)L (2)
x(λ) = ǫd + U/2−
√
UΓ(λ+
√
λ2 + 1/4) , (3)
where L is the size of the sample, Γ = |V |2, h¯vF = 1,
and therefore ǫk = k. Terms of the order of 1/L are
omitted, because we are going to discuss the properties
of the electron gas only. The integer numbers {Jα}Mα=0
completely describe the state of the system with N =
2(M + 1) particles. The energy of the system is just
E = 2
M∑
α=0
x(λα) . (4)
The ground state corresponds to subsequent values of Jα;
we can put Jα =
LD
pi − 3M2 . . . LDpi + M2 , where D is the
energy of the bottom of the band. In the non-interacting
case, U = 0, one obtains the chemical potential µ ≡
dE
dN =
2piM
L −D. The compressibility of the gas is dndµ = 1pi ,
where n = N/L is the density of particles.
These results remain valid for finite U if one makes
use of the following continuous approximation. Under
the condition
|λα+1 − λα| ≪ 1 ∀α (5)
one can transform Eq. (2) to the integral equation
σλ + σ˜λ +
1
π
∫ λM
λ0
σλ′dλ
′
1 + (λ− λ′)2 = −
1
π
dx
dλ
(6)
where the mean density of rapidities σ(λ) = 1/Lλα+1−λα ,
and σ(λ) ∝ θ(λ − λ0). (Step function.) We have also
introduced the auxiliary function σ˜(λ) ∝ θ(λ0 − λ) in
order to make Eq. (6) valid for λ ∈]−∞, λM ].
It is convenient to integrate Eq. (6) from −∞ to λM
and combine it with Eq. (2) for α = 0
π
∫ λ0
−∞
σ˜λdλ = ǫd + U/2 +D − 2πM
L
. (7)
This is an equation for λ0. In the symmetric limit |ǫd +
U/2 +D − 2πML | ≪
√
UΓ one has3
λ0 ≈ 1
π
log
Ed + U/2 +D − 2πM/L
2
√
UΓ/πe
(8)
goes to −∞ when Ed + U/2 +D− 2πM/L goes to zero.
The problem is that the condition Eq. (5) will be bro-
ken eventually. It is clear that for λ0 → −∞ the density
of the rapidities goes to zero σ(λ0) < | dxdλ | ∼ |λ0|−3/2.
Therefore
|λ1 − λ0| >∼ |λ0|3/2 →∞ , (9)
and the solution of Eq. (2) cannot be described by the
density of rapidities σ(λ).
The main idea of the present paper is to introduce one
rapidity λ0 separated from all the rest λ1 . . . λM . Then
x(λ0) = 2π
M
L
−D λ0 ≈ − UΓ/8
(2πM/L−D − ǫd − U/2)2
(10)
is obtained directly from Eq. (2) with α = 0 under the
condition λα − λ0 ≫ 1 for α = 1 . . .M . The rest of
equations gives
σλ + σ˜λ +
1
π
∫ λM
λ1
σλ′dλ
′
1 + (λ− λ′)2 = −
1
π
dx
dλ
(11)
1
✲✻
x(λ)
λ
ǫd + U/2
λ0 λ1
}
δµ
UΓ/8
ǫd
−D
λM
FIG. 1. The main parameters of the problem. Energy levels appear densely between −D and µ ∼ ǫd + U/2 (“symmetric”
limit). Let us just mention “asymmetric” limit, when Fermi level is near ǫd; this is the regime of the formation of the local
moment.
The solution is well known and instead of Eq. (8) we will
have
λ1 ≈ 1
2π
log
1
|λ0| (12)
It means appearance of a gap in the excitation spectrum
and a jump of the chemical potential
δµ = 2[x(λ0)− x(λ1)] ≈
√
πUΓ
log |λ0| . (13)
The gap is opened when the condition Eq. (5) is broken
for λ1 − λ0. This occurs when (L/π)|dx/dλ| ≈ 1 or
2λ1 ≈
(
UΓL2
4π2
)1/3
(14)
So our main result is derived from Eqs. (12)-(14)
δµ ≈
(
πUΓ
L
)1/3
(15)
and the gap is anomalously large, because it is pro-
portional to L−1/3. The compressibility is suppressed
δn
δµ ∼ (UΓL2)−1/3 ≪ 1.
It is important to mention that the model above is
valid for even number of electrons in the system, and
the computed above gap is for two additional particles.
The energy of the intermediate state with odd number of
electrons can be computed also by the method presented
here. It is necessarily to introduce equation for the charge
rapidity and to couple it to Eq. (2). Then our huge gap
will be split in two parts. However, at least one of them
must be large.
In conclusion we have found the anomalously large
spacing between energy levels of electron gas interacting
with impurity. This is a finite size effect, which requires
special treatment. The pseudogap appears at the Fermi
energy when the model approaches complete particle-hole
symmetry, µ ≈ ǫd + U/2.
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